Control of coherent synchrotron radiation (CSR)-induced emittance growth is essential in linear accelerators designed to deliver very high brightness electron beams. Extreme current values at the head and tail of the electron bunch, resulting from strong bunch compression, are responsible for large CSR production leading to significant transverse projected emittance growth. The Linac Coherent Light Source (LCLS) truncates the head and tail current spikes which greatly improves free electron laser (FEL) performance. Here we consider the underlying dynamics that lead to formation of current spikes (also referred to as current horns), which has been identified as caustics forming in electron trajectories. We present a method to analytically determine conditions required to avoid the caustic formation and therefore prevent the current spikes from forming. These required conditions can be easily met, without increasing the transverse slice emittance, through inclusion of an octupole magnet in the middle of a bunch compressor.
I. INTRODUCTION
Recent advances in free electron laser (FEL) facilities have seen the peak brightness increase by several orders of magnitude. With ultrafast pulse durations of 100 fs down to <10 fs, these FELs are capable of imaging structure at the molecular-and atomic-size level and investigating dynamical processes over timescales on the order of femtoseconds [1] [2] [3] [4] . Continual demand for high brightness and even shorter pulse durations, places stringent requirements on the electron beam quality and heightened awareness of the role coherent synchrotron radiation (CSR) plays in degrading beam quality [5, 6] . This demand for high beam quality is echoed by the linear collider community [7] .
For a high-brightness FEL, large peak currents need to be achieved through compressing the electron bunch. This is typically achieved through multistage bunch compression via 4-dipole chicanes. Second-order effects (relating to the energy chirp and second order longitudinal dispersion) that greatly limit compression are usually tackled with the addition of a harmonic cavity [8] . Less commonly optical linearization is used [9, 10] . Despite these measures, higherorder terms in the energy chirp introduced by collective effects such as longitudinal wakefields can result in the double-horned current profile structure common found with strong bunch compression [11] [12] [13] [14] [15] [16] .
These current horns are problematic for a number of important reasons including: creating difficulty in matching beam optics, limiting the degree of compression, and increasing wakefield-induced energy spread [11, 17] . However, perhaps the most severe consequence of the current horns is the enhanced CSR produced by the large current excursions, resulting in CSR-induced emittance growth [18] [19] [20] .
CSR can cause time-dependent transverse kicks, resulting in a centroid offset of different regions (slices) of the bunch [21] . As a result the slice emittance can remain largely unchanged, while the lateral displacement of the slices along the bunch results in a smearing of the transverse phase space and enlargement of the projected emittance. Whilst it is the slice emittance that is often considered of primary importance in the FEL lasing process (as particles only interact within a certain cooperation length [22] ), the projected emittance is also an important factor being responsible for the beam brightness [11, 23, 24] .
A more uniform current pulse improves FEL performance immensely through increased pulse energy, increased peak power, and greater control over the spectral bandwidth [17, 22] . This improvement has been verified experimentally at the Linac Coherent Light Source (LCLS) [17] , where collimating the head and tail of the bunch successfully limits CSR-induced emittance growth and improves FEL performance, at the cost of removing 40% of the bunch charge [17, 25] .
The alternate method we present in this paper, establishes the conditions needed to ensure the current horns cannot form, without the need to collimate. This is done through manipulating the longitudinal phase space in the low energy bunch compressor to inhibit the particle trajectory caustics from forming, which would otherwise result in the double horn current profile.
Several solutions to mitigating the CSR-induced projected emittance growth have been reported [5, 26, 27] . We address the problem through consideration of these current horns as a caustic phenomenon and present analysis that reveals conditions under which the caustics will not form.
In a recent paper, caustic formation in particle trajectories was identified as being directly associated with current horns in strong bunch compression [28] . The relevant theory relating to caustics and bunch compression will be briefly reviewed in Sec. II, with conditions for the formation of caustic-induced current horns being developed in Sec. III. In Sec. IV we determine the condition required to unfold these caustics and prevent the current horns from forming. This is done through careful control of the second-and third-order longitudinal dispersion, denoted as T 566 and U 5666 respectively. In Sec. V a twostage compression scheme is designed to avoid the caustic formation of current horns, through the addition of an octupole and sextupole to the center of two chicanes. Sextupoles have also been shown experimentally to be capable of controlling and manipulating T 566 [29] [30] [31] , and have been suggested as a possible technique for linearizing the longitudinal phase space for bunch compression [9, 10] . In a similar manner, here we suggest octupoles are required to vary U 5666 independently of the first-order longitudinal dispersion, R 56 . Section VI A details the results of a 6-D tracking simulation of an X-band FEL utilizing the causticavoidance techniques presented in Sec. V. Section VI B shows the results of the same technique applied to an S-band linac, where the effects of wakefields are not as strong. These simulations were created using particletracking computer simulations calculated using the "Electron Generation and Tracking" (ELEGANT) software toolkit [32] . We give a brief discussion in Sec. VII, and offer some concluding remarks in Sec. VIII.
II. BACKGROUND THEORY: BUNCH COMPRESSION
To longitudinally compress a bunch, an energy chirp correlated with longitudinal position, z i , is established before the bunch passes through a dispersive region. The path length through though the chicane is variable with energy, and therefore the chirped bunch can be compressed. The energy chirp correlated with z i is usually established by the rf voltage and phase of the accelerating section and harmonic cavity upstream of the compressor. This creates a relative energy deviation of any particle with respect to the reference particle, expanded to third-order in z i to be,
where z i is defined as the position from the center of the bunch, E i;0 and E f;0 are the central energy before and after acceleration respectively, and δ i is the initial uncorrelated energy spread. The first-, second-, and third-order energy chirps, denoted as h 1 , h 2 , and h 3 respectively, can be written out as,
and
where V 0 and V 1 represent the voltages of the main accelerating section and additional harmonic cavity for linearization [8] , k x and k s are the wave number of the X-band and S-band rf frequencies used, and ϕ 0 and ϕ 1 are the rf phases of these sections. The rf phase is defined to be zero at the crest of the rf, and the interval −90°< ϕ < 0 defines the negative slope of the rf curve (where the head of the bunch is accelerated less than the tail). After passing through the chicane, the final longitudinal position relative to the center of the bunch of any electron is,
where R 56 , T 566 , and U 5666 are the first-, second-, and thirdorder longitudinal dispersion respectively. Here we ignore the geometric terms as chromatic terms will dominate the transformation for beams with small transverse emittance and large energy spread [33] , which is typically the case in FEL bunch compressors.
Equations (1) and (5) together give,
The coefficients of the second and third order terms can be forced to equal zero, to ensure a linear transformation, through adjusting the properties of a harmonic cavity [8, 34] or through optical elements which has been considered through analytical and numerical investigations in [10, 35, 36] . The concept of varying T 566 through manipulation of the longitudinal phase space via sextupole magnets in dispersive regions, has been investigated analytically in [30, 33, 37] , and shown experimentally in [33] . A complete X-band FEL linac design utilizing optical linearization up to second-order can be found in [9] .
Throughout the rest of this paper, a two-stage bunch compression system is considered in a predominately X-band FEL linac (see Fig. 1 ). However this approach could be easily applied to linacs with a single bunch compressor or linacs with more than two bunch compressors. Complete details of the accelerator can be found in Sec. VI. The two bunch compressors will be referred to as BC1 and BC2 respectively, and the layout shown in Fig. 1 will be referred to as the baseline design.
III. CAUSTICS
In a recent paper, a caustic-based approach was taken to describe current horns in strong bunch compression [28] . Small continuous perturbations in the longitudinal phase space distributions can result in intense current spikes at the head and tail of the beam when the beam passes through a dispersive region. Figure 2 illustrates this effect, showing the electron trajectories in z, s space, where z is the longitudinal position with respect to the bunch center, and s is the position along the accelerator, or in the case of Fig. 2 , the position along the bunch compressor. Near the end of the compressor (which is indicated by the gray vertical line in Fig. 2 ), the trajectories have coalesced at the edges of the bunch, resulting in the intense current horns visible in the histogram of Fig. 2 .
The longitudinal position of the caustics for a given set of control parameters, R 56 , T 566 , and U 5666 (i.e., the first-, second-, and third order longitudinal dispersion), is (Eq. (8) in [28] ),
where δðz i Þ is the shape of the initial longitudinal phase space or chirp, often described by a high-order polynomial and δ 0 ðz i Þ is the derivative with respect to z i . Equation (7) defines the envelope of the family of trajectories that form the caustic. In Fig. 2 , the caustic is shown by the bold red line.
When evaluated at the end of the bunch compressor, the condition which identifies if caustics will form is [28] ,
If the caustic condition [Eq. (8) ] is met then the electron trajectories will form caustics resulting in the large current spikes as described by Eq. (7) and visible in Fig. 2 .
IV. AVOIDING CAUSTIC-INDUCED CURRENT HORNS
Using the caustic condition described in Eq. (8) we can find a set of control variables for which the caustics cannot form and therefore find the conditions which prevent the current horns from developing through the dispersive region.
To determine this set of control variables we first consider a plot of the coordinates of the final and initial longitudinal positions (z f and z i ), for each individual particle. This is shown in Fig. 3 . The two turning points of Fig. 3 indicate the bifurcation points of the caustic. These coordinates correspond to the edges of the longitudinal phase space distribution, which start to curve away from a linear fit, as seen in Fig. 2 .
With the aim being to find the regions where one, two, or no caustics will be present, we can use these turning points as an indication of whether we have one, two, or no bifurcation sets appearing. With this in mind we take the derivative of z f with respect to z i and then for ease of calculations we truncate the result including terms up to second order z i . This gives us, (7), is shown by the bold red line. Left inset: close up of trajectories near the end of the chicane. Right inset: doublehorned current profile at chicane end.
where h 1 , h 2 , and h 3 are the first-, second-, and third-order chip from (9) to equal zero and rearranging for z i identifies the caustic point(s) in z i as,
The points where z i;bifurcation [Eq. (10)] reaches the maximum or minimum longitudinal position of the initial distribution (denoted by z min = max ), indicates a boundary, bordering regions of one and two caustics forming, or zero and one caustic forming. That is, when z i;bifurcation of Eq. (10), equals the maximum or minimum of the range of possible z i values, this indicates the border between when two turning points are visible in Fig. 3 and when there is one. This corresponds to two caustic-induced current horns or one. Therefore, the border between the caustic regions is defined by the set of variables, (R 56 , T 566 , U 5666 , h 1 , h 2 , h 3 ), evaluated for a given initial bunch with z min = max , such that fðR 56 ; T 566 ; U 5666 ; h 1 ; h 2 ; h 3 ; z min = max Þ ¼ 0, with,
Using Eq. (11) we can inspect how the caustics will form in T 566 , U 5666 space by holding constant h 1 , h 2 , and h 3 (which are defined by the incoming bunch) and by choosing a value for R 56 which is determined by the compression ratio requirements. This allows us to take a slice through the 6-dimensional parameter space defined above by the set of variables (R 56 , T 566 , U 5666 , h 1 , h 2 , h 3 ), leaving us with an analytic expression for the caustic region borders,
where z min = max is the maximum or minimum of the initial longitudinal distribution. Figure 4 shows these boundaries between the regions of zero, one or two caustics, as described by Eq. (12) . In this example the value of R 56 was -11.8 mm and the values of the longitudinal chirp used are,
where the longitudinal chirp is described by a third-order Fig. 4 are histograms of the electron density (at the end of the dispersive region) for various combinations of T 566 and U 5666 , showing regions of one, two, or zero caustic current horns forming. These correspond to single fold caustics appearing at the head or tail of the beam, two fold caustics forming a cusp catastrophe, or no caustic formation resulting in a relatively flat current profile. Figure 4 shows that for an FEL linac there should exist a region in T 566 , U 5666 parameter space where caustics (and the associated current horns) will not form.
Using a similar approach to deriving Eq. (12), we can use Eq. (11) to find the caustic regions in h 2 , h 3 space, for a given first-order chirp, h 1 . Then the boundaries are,
Equation (13) is shown in Fig. 5 for the second bunch compressor (BC2) in a two-stage compression scheme, FIG. 3 . Correlation between the final longitudinal position of a particle leaving a bunch compressor for a given initial longitudinal position for a particle entering a bunch compressor.
where BC2 is a standard 4-dipole chicane where T 566 ¼ −3=2R 56 and U 5666 ¼ 2R 56 , where R 56 is −11.8 mm. Included in Fig. 5 is a marker labeled (1) which indicates the coordinates of the distribution mentioned earlier (h 1 ¼ 81.06 m −1 , h 2 ¼ 5929.08 m −2 , and h 3 ¼ 1.30211 × 10 8 m −3 ), revealing how these typical operating conditions position the working point in the region that will lead to caustic-induced current horns.
V. BUNCH COMPRESSORS DESIGNED TO AVOID CAUSTICS
In the previous section we found that there should exist regions in parameter space where caustics (and the associated current horns) will not form. Figure 4 [from Eq. (12)] and Fig. 5 [from Eq. (13)] present two ways to suppress the current horns. The first approach shows that caustics can be avoided by varying T 566 and/or U 5666 of BC2. The second approach shows that caustics can be avoided by varying the second-and/or third-order chirp (h 2 and/or h 3 ) of the bunch that arrives at BC2. The first approach can be achieved through using octupoles to vary U 5666 , similarly to how sextupoles can be used to vary the 2nd order longitudinal dispersion [33] . The second approach can be achieved through adding an octupole to the center of the first bunch compressor (BC1), well upstream of BC2, to vary the higher-order chirp of the bunch arriving at BC2. Leaving BC1, the bunch encounters the longitudinal wakefields, which impart a cubic chirp onto the beam [12] . Therefore the octupole added to BC1 must overcorrect for the effect the longitudinal wakefields will have on the third-order chirp, in order to position the bunch parameters in an optimal position in h 2 , h 3 space for avoiding caustics (see Fig. 5 ). Figure 4 indicates that we would require a T 566 of approximately 15 mm and a U 5666 value of greater than 2 m. For the standard 4-dipole chicane considered here, for which R 56 is -11.8 mm, the value of T 566 is already close to what is required at 17.7 mm (where T 566 ¼ −3=2R 56 ). Therefore octupoles could be used to alter U 5666 , whilst keeping T 566 fairly constant. It should be noted that if a particular arrangement of initial distribution and longitudinal dispersion values required the value of both T 566 and U 5666 to be varied substantially away from their original position, then both sextupoles and octupoles could be implemented to achieve the required T 566 and U 5666 values. Such a scenario may present itself if harmonic linearization is not used to linearize the second-order chirp, or if a dog-leg or nonstandard chicane is used. Essentially, sextupoles can be used to vary T 566 to move the working point position vertically in Fig. 4 , and octupoles can be used to vary U 5666 to move the working point position horizontally in Fig. 4 .
In order to achieve the value of U 5666 for BC2 required (>2 m), strong octupole magnets would be required, introducing strong chromatic aberrations. So instead, an octupole was added to the center of BC1, where weaker field strengths are needed. The purpose behind this approach is a little different. Here we use an octupole magnet in BC1 to alter the third-order chirp of the bunch that arrives at BC2, rather than directly altering the dispersion values of BC2. Leaving BC1, the bunch encounters the longitundal wakefields of Linac1, which impart a cubic chirp onto the beam [12] . Therefore the octupole added to BC1 is used to overcorrect for the effect the longitudinal wakefields will have on the 3rd order chirp, in order to position the bunch parameters in an optimal position in h 2 , h 3 space for avoiding caustics. This position in h 2 , h 3 space is marked as (2) in Fig. 5 .
Several different configurations of BC1 and BC2 were considered, all of which capable of achieving a wide range of T 566 and U 5666 values for a given R 56 (i.e., for a given compression ratio). Figure 6 shows the layouts of two X-band FEL linacs with additional optical elements included to allow for the manipulation of the longitudinal phase space. Figure 6(a) shows what will be referred to as Layout 1, which includes the octupole magnet in BC1. In Sec. VI A this design will be compared with the baseline design of Fig. 1 , as well as to a third design, Layout 2 ( Fig. 6(b) ) which will be described in Sec. V B.
ELEGANT simulation of the layout shown in Fig. 6 (a) (i.e., with an octupole added to BC1) finds that the longitudinal distribution parameters of the bunch arriving at the BC2 entrance has the following fitted parameters;
where the longitudinal chirp is described by a third-order
The new values of the h 2 , and h 3 of the bunch arriving at BC2 (having been altered by the octupole in BC1), move the working point in Fig. 5 to the region of no caustic formation. In Sec. VI we will verify this analytical approach with ELEGANT simulations.
A. Optics through BC1
The values of the longitudinal dispersion for the new BC1 design are R 56 ¼ −82.36 mm, T 566 ¼ 124.57 mm, and U 5666 ¼ −2.83 m. The R 56 was achieved through a bending angle of 5.25°and a drift length of 4.544 m between dipole 1 and dipole 2, and between dipole 3 and dipole 4. Figure 7 shows the first order optics through the chicane. The octupole magnet is located at the center of the chicane where the horizontal dispersion is greatest, and has a length of 0.3 m and normalized field strength of K 3 ¼ 1173.12 m −3 . At the end of the chicane, the second order horizontal and angular dispersion, T 166 and T 266 return to zero. This ensures that the dispersion-induced emittance growth associated with the large energy spread is kept to a minimum [40] . FIG. 6 . Layouts of the FEL linac using an S-band injector and X-band linac. Section VI compares simulation results of these two configurations with the baseline design shown in Fig. 1.   FIG. 7 . Optics through BC1, showing β x (green), β y (blue), η x (red), and η xp (orange).
B. Further optimization: Addition of a sextupole magnet to BC2
Further improvement can be made through positioning the working point in T 566 , U 5666 space closer to the upper caustic boundaries of Fig. 4 , whilst remaining within the caustic free region. This is because whilst the current horn formation has been mostly suppressed, a remnant peak can still be seen at the BC2 exit [this will be seen Fig. 11(b) ]. Moving the working point closer to the upper caustic boundary (see Fig. 8 ) shifts the bunch charge away from the tail of the bunch and closer to the head. Ensuring the tail has a lower current than the head, further aids emittance preservation as the CSR that leads to CSR-induced emittance growth is predominately produced by the tail of the bunch. This translation in T 566 , U 5666 space can be achieved through adding a weak sextupole to the center of BC2.
C. Optics through BC2
The values of the longitudinal dispersion for the new design of BC2, with the inclusion of a weak sextupole magnet, are R 56 ¼ −11.18 mm, T 566 ¼ 32.10 mm and U 5666 ¼ −72.19 mm. The R 56 was achieved through a dipole bending angle of 1.35°and a drift length of 9.667 m between dipole 1 and dipole 2, and between dipole 3 and dipole 4. Figure 9 shows the first order optics through the chicane. The sextupole has a length of 0.2 m and normalized field strength of K 2 ¼ 11.03 m −2 and is located at the center of the chicane.
D. Other CSR suppression techniques
In addition to the suppression of CSR by eliminating current horns by suitable configuration of additional optical elements (which is the main result of this paper), a few techniques have been employed. These techniques are consistent across all scenarios presented in Sec. VI, meaning that the improvement in emittance preservation due to the removal of the current horns alone can be seen in Sec. VI.
The CSR wakefield potential changes the particle energy along the longitudinal direction, and also affects the transverse motion through the dispersive region [20, 41, 42] . This transverse kick can be partially canceled through ensuring that BC1 and BC2 bend the beam in opposite directions [5, 21, 43] , i.e., the bending angle of dipole 1 of BC1 has the opposite sign of dipole 1 of BC2.
In addition, the beta functions were minimized toward the end of BC2 where the bunch length is shortest and the effect of CSR strongest. This is a commonly employed technique described in [44, 45] .
VI. PARTICLE TRACKING SIMULATIONS
In this section we present the results of 6D ELEGANT [18, 46] simulations of the three linacs: a. Baseline design with no additional multipoles (see Fig. 1 ); b. Layout 1 which includes an octupole added to the center of BC1 [see Fig. 6(a) ]; c. Layout 2 which includes the same octupole added to BC1 as well as a sextupole added to BC2 [see Fig. 6(b) ].
The beam distribution input for the ELEGANT simulations was modeled on an S-band injector producing a beam with an initial energy of 131.2 MeV, an RMS bunch length of 807 μm, and a normalized transverse emittance of 0.2729 mm mrad with a total bunch charge of 250 pC. Important parameters of peak current (I peak ), RMS bunch length (σ z ), and beam energy (E) are shown in Fig. 1 at various locations along the linac. The residual correlated energy spread is removed in the final 85 m of linac2, mainly through longitudinal wakefields.
Consistent in all three layouts (Baseline of Fig. 1 and, Layout 1 and Layout 2 of Fig. 6 ) is an S-band injector followed by an X-band harmonic cavity to linearize the 2nd order longitudinal phase space [8] . Also consistent to all three layouts is a laser heater, used to increase the uncorrelated energy spread to provide strong Landau damping to FIG. 8 . Regions indicated where caustics are expected to be found and where they are absent. The boundaries between these regions are given by Eq. (12) . The addition of a weak sextupole to BC2 changes the T 566 , U 5666 coordinate of the working point, moving it closer to the upper boundary, and consequently shifting some of the current from the tail to the head of the bunch. suppress microbunching instability [47] . Specific details of the bunch compressors can be found in Sec. V. Figure 10 shows the beta functions along the entire linac. Figure 11 shows the longitudinal phase space distributions and current profiles for each of the 3 layouts, demonstrating that the octupole magnet is capable of reducing the current horns. A small remnant peak at the tail of the bunch can still be seen in Fig. 11(b) . This small peak is due to the approximation used in describing the longitudinal phase space as a cubic distribution. This small peak at the tail of the bunch sparked the investigation of adding a sextupole to BC2 in an attempt to shift some of the current from the tail to the head of the bunch. This creates a small but noticeable improvement to the current profile with the benefit of reduced CSR reflected in the projected emittances listed in Table I . However, the majority of the improvement to projected emittance is established by the inclusion of just one octupole magnet. Table I lists the emittances (projected and slice) for the three linac configurations, showing that it is possible to reduce the projected emittance by 30.1% with an octupole included in BC1. The addition of a weak sextupole to BC2 [ Fig. 6(b) ], reduces the projected emittance by 38.8%. For this layout, the reduction in the CSR-induced emittance growth is 48.9%. Further, the rms energy spread is also improved by 20.7%, which allows for more uniform lasing along the bunch. Figure 12 shows the longitudinal phase space distributions and current profiles with the laser heater turned off, and CSR not included in the simulations for each of the 3 layouts. These plots show the caustic current horns more pronounced. CSR and to a lesser extent, the energy mixing introduced by the laser heater, have the effect of smearing out the caustics. In the simulations that produced Fig. 12(b) and Fig. 12(c) , the octupole magnetic field strength, K 3 , was 2000 m −3 , reoptimized to account for the change in particle energy induced by CSR. The sextupole field strength relevant to Fig. 12 will be compressed to a greater degree than particles at the head [this is evident from Eq. (5)].
A. Discussion on emittances Table I shows that it is possible to reduce the projected emittance by 30.1% with an octupole included in BC1, and the addition of a weak sextupole to BC2 [ Fig. 6(b) ], reduces the projected emittance by 38.8%.
The cost of adding octupole magnets to a chicane is the introduction of geometric aberrations. This is reflected in the slight increase in the mean slice emittance shown in Table I . However this small increase in slice emittance is recovered through the addition of a sextupole, and nevertheless is not large enough to have a significant influence on the gain length and power output of the undulator section. Figure 13 shows the correlation between the octupole field strength K 3 , and reduction in projected emittance growth. As the field strength of octupole is increased, U 5666 also increases, and the working point on Fig. 4 moves from the region of two current horns forming, to no current horns forming. Through this progression, the current horns Fig. 6(a) ], (c) Layout 2 which includes BC2 sextupole magnet [ Fig. 6(b) become smaller to the point of almost disappearing. With reduced current at the head and tail of the bunch, the CSR-induced emittance growth is quelled. This is evident in the horizontal emittance in Fig. 13 . The vertical emittance is preserved at 0.274 mm mrad, and remains unchanged with octupole field strength.
Interestingly, the horizontal emittance decreases to a minimum and then at large values of K 3 it gradually starts to rise again (Fig. 13) . This is likely due to the competing effects of improved emittance from CSR suppression and emittance growth from chromatic aberrations.
The longitudinally sliced properties of the bunch at the end of the linac can be seen in Fig. 14. Figures 14(a) and 14(b) show that there is only a small difference in the slice emittances for the three FEL layouts. This is in agreement with much of the literature which states that CSR is likely to lead to projected emittance growth whilst leaving the slice emittance relatively unchanged [21, 27] . The core of the bunch sees only a small increase in horizontal emittance of 8% whilst the bunch head and tail horizontal emittance grow to a greater degree by, at the largest, a factor of 1.9. This increase in slice emittance at the edges of the bunch is consistent across all three designs, however the effect on FEL performance would be less significant in Layout 1 and 2, where the current horns are reduced leaving less charge in the regions of larger slice emittance.
Figures 14(c) and 14(d) show the centroid offset and mean value of x 0 for each slice, revealing that Layout 1 and to an even greater extent Layout 2, reduce the variation in these two parameters along the length of the bunch. In other words, this confirms that the inclusion of an octupole (which can be even further improved by the inclusion of a sextupole magnet) to the bunch compressors, through preventing the current horns from forming, reduced the effect of CSR, evidenced by the reduced centroid offsets along the bunch and associated reduced projected transverse emittance. 
B. S-band linac comparison
X-band linacs typically pose a more difficult scenario than S-band linacs due to the stronger wakefields and because for a given bunch length, the bunch will see a greater portion of the rf curve when the rf frequency is in the X-band compared to S-band. This second point will mean that a greater degree of curvature is impressed onto the bunch. In this section we follow the same method presented earlier but instead shown on an S-band linac.
The results of the current horn suppression in an S-band linac are shown in Figs. 15 and 16 , for with CSR and laser heating and without, respectively. The S-band linac consisted of two bunch compressor chicanes (however again, it should be noted that this method is applicable to any combination of bunch compressors).
With the absence of any higher-order magnets in the chicanes, the current spikes are clearly visible in Fig. 16(a) . After the inclusion of an octupole (this time in the second bunch compressor) of normalized field strength
, the current spikes have been diminished [see Fig. 16(b) ]. Figure 17 shows the slice properties (slice emittances, mean x 0 position, slice energy spread and x centroid position) for this S-band example before and after the inclusion of an octupole. Similarly to the X-band case, the slice emittance in x and y is maintained between the scenarios of with and without an octupole. The main difference is the x-centroid position is more consistent along the bunch after the inclusion of the octupole. This is true of both the X-band and S-band cases [see Figs. 14(d) and 17(d) ].
Whilst in the case of the X-band linac, the energy spread in the core of the bunch was slightly worse with the octupole and sextupole magnet [see Fig. 14(e) ], the same cannot be said for the S-band case. For the S-band case, the energy spread along the bunch at the end of the linac with the octupole performs just as well (or marginally better) when compared to without the octupole [see Figs. 17(e) and 15]. When CSR and laser heating are not included, the slight curvature in the energy spread along the bunch introduced by the octupole is more visible (see Fig. 16 ).
VII. DISCUSSION
Consider any (T 566 , U 5666 ) coordinates in Fig. 4 . As this coordinate is moved vertically (in the direction of increasing T 566 ), the current is redistributed more toward the head of the bunch. This statement is true regardless of which of the four regions the working position coordinates is in. For example, if the (T 566 , U 5666 ) coordinates were initially in the region where two caustics form (i.e. where two current peaks are seen), moving closer toward the upper boundary will cause the bunch head peak to be larger and the bunch tail peak to be reduced. In both Figs laser heating, and without, respectively), the small peak at the head of the bunch can be diminished with the aid of a weak sextupole magnet in BC2. This is because including the sextupole magnet moves the working point coordinates in Fig. 4 closer to the upper boundary, shifting the relative heights of the head and tails current peaks in favor of the head of the bunch.
The current profiles of Fig. 11(c) , Fig. 12 (c) both show some small undulating structure, and not a perfectly flat current profile. This can be explained by the current density modulation expected in the vicinity of the caustics. In a recent paper [28] , the caustics present in strong bunch compression were identified as a Butterfly Catastrophe [48, 49] , and it was shown how the density of trajectories at the core of the bunch can be nonuniform when still in the vicinity of the caustics.
An alternative approach to this problem of current spike suppression, could be to find the set of parameters which eliminates both the second and third order coefficients of z i in Eq. (6) . Whilst this is a valid approach, the caustic-based approach presented in this paper, is a more general approach and conveys additional information that is not discernable if one were to approach the problem purely as a third-order chirp problem in the way described in the previous sentence. Whilst treating the problem through eliminating the coefficients of the second and third order terms on Eq. (6), would find a caustic free solution, it also obscures other possible solutions in regions where caustics (and the associated current horns) would be avoided. In Fig. 5 , it can be seen that a large range of values in h 2 and h 3 space are candidates for producing a current profile absent of spikes. This allows for exploration of the margins of error permissible in beam and magnet parameters, as well as opening the possibility for redistribution of current as the working point is moved within the caustic-free region of Fig. 5 . Further information on this second point can be found in Ref. [28] . In addition, the technique presented in this paper can be expanded to include higher-order terms if required. In the cases presented in this paper, including terms up to third order appears to be sufficient for the purpose of suppressing the current horns.
Finally the small peaks still visible in Figs. 11(c) and 12(c) can be suppressed completely through increasing the strength of the octupole magnet. However increasing the octupole field strength further also increases the geometric and chromatic aberrations. This concept is also illustrated in Fig. 13 . It can be assumed that if the chromatic and geometric aberrations could be more adequately addressed (or balanced) then the current spikes could be further reduced.
VIII. CONCLUSION
In this paper we have demonstrated through both analytical calculations and numerical simulations, a technique to avoid current horns from forming in strong bunch compression that is typical of FEL linacs. This was achieved through consideration of the underlying caustic formation in electron trajectories and employing a suitable configuration of additional optical elements located within the bunch compressors. The result is suppressed current horns, significantly reduced CSR-induced projected emittance growth and reduced energy spread along the bunch.
